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O ' The moduh of representations is very useful for studying representa- 

^ ■ tions and for describing the moduh spaces of various geometric objects. 

^! There are several styles for constructing the moduli of representations. 

One way is taking the quotient of the whole of the representation va- 
riety in [H] and |1] by PGL. This method has a weak point: in |1] we 
constructed the coarse moduli scheme of equivalence classes of abso- 
lutely irreducible representations as the universal geometric quotient of 
the open subset consisting of stable points in the representation variety. 
■ However, on the complement of the absolutely irreducible representa- 

^ . tions, two representations which have the same composition factors 

', become one point in the moduli of equivalence classes of representa- 

tions. When two distinct representations have the same invariants, 
we can not separate them in the moduli. If we want to separate two 
distinct representations, we must choose another style. 
^ ! In this paper we propose another style for constructing the moduli 

I of representations in the non-absolutely irreducible case. We introduce 

CN ■ the notion of "mold" . A mold is, so to say, a subalgebra of the full ma- 

trix ring. We say that two representations have the same mold if their 
images generate the same type of subalgebras of the full matrix ring. 
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Q I By using the notion of mold, we collect representations which have the 

same mold, and we construct the moduli of representations with a fixed 
mold. As an example of molds, we consider a Borel mold, that is, the 
^ I subalgebra of upper triangular matrices (up to inner automorphisms). 

^ I The main purpose of this article is the construction of the moduli of 

(equivalence classes of) representations with Borel mold. This article is 
the first to develop "mold program" , that is, the construction of moduli 
schemes of representations from a viewpoint of mold. In another pa- 
pers, we will construct several moduli schemes of representations with 
various molds. In we will deal with several molds of degree 2. In 
the degree 2 case, each molds over a field can be classified into 6 types. 
The moduli of representation with Borel mold is one of 6 types of the 
moduli of representations. In [6], we have calculated the cohomology 
ring of the moduli of representations with Borel mold for free monoids. 

It is interesting and important to investigate the moduli of represen- 
tations with Borel mold for several groups and monoids. Let us give an 
interesting example here. Let Rep„(r)B be the representation variety 
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with Borel mold, that is, the subscheme consisting of representations 
with Borel mold in the representation variety. Let us consider the 
universal representation with Borel mold on Rep„(r)s. The universal 
representation induces the action on the trivial vector bundle O^^^ ^j,-^^ 
on Rep„(r)B. Then there exists a unique filtration of F- invariant sub- 
bundles = So C Si C ■■■ C Sn = ORep,,{r)B with rk Si = i. When 
n = 2 and F is a free monoid (or a free group) of rank 2, the uni- 
versal sub-line bundle Si is not trivial on Rep2(F)B, however Sf""^ is 
trivial. From this fact, we see that each 2-dimensional representation 
with Borel mold of a group generated by two elements on Speci? with 
(Pic (Speci?))2 = can be normalized into a representation in upper 
triangular matrices (Corollary 14. 9p . Here we denote by (Pic (Spec-R))2 
the 2-torsion part of the Picard group Pic (Speci?). This fact shows 
one of geometric aspects of representations on schemes. 

By "global representation theory" we understand a theory of repre- 
sentations on schemes, while by "local representation theory" we under- 
stand a theory of representations on fields or local rings. " Global repre- 
sentation theory" has several geometric aspects like Corollary 14.91 The 
authors hopes that this article contributes to development of "global 
representation theory" . 
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algebraic geometry. The author also would like to express thanks to 
Professor Takeshi Torii for his technical advices on algebraic topology. 

Several results of this article have been used in |6] , [7] , [8] and so on. 
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1. MOLD 

In this section, we introduce the notion of mold. This notion is used 
for classification of representations and for constructing the moduli of 
representations. We collect representations which have the same mold, 
and we attach a canonical scheme structure on the collection. From a 
viewpoint of invariant theory, it is natural to classify representations 
with respect to mold. 

Definition 1.1. Let X be a scheme. A subsheaf of Ox-algebras A C 
M„(Cx) is said to be a mold of degree n on X if ^ and Mn{Ox)/ A are 
locally free sheaves on X. For a commutative ring R, we say that an 
i?-subalgebra A C M„(i?) is a mold of degree n over i? if A is a mold 
of degree n on Spec R. 
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We introduce the moduli of molds, that is, the moduli of subalgebras 
of the full matrix ring as follows: 

Definition and Proposition 1.2. The following contravariant func- 
tor is representable by a closed suhscheme of the Grassmann scheme. 

Moldn,d '■ (Sch) (Sets) 

X I— 7- {A I a mold of deg n on X with ikA = d}. 

We denote by Mold^^rf the scheme representing the functor Aioldn,d- 

Proof. Let Grass((i, M„) be the Grassmann scheme of rank d subbun- 
dles of M„. The condition that a subbundle A C M„ is closed under 
the multiplication of M„ and that A has the identity matrix is a closed 
condition. Hence the functor A4oldn,d is representable by the closed 
subscheme of Grass((i, M„) defined by the condition above. □ 

We give some examples of the moduli of molds. 
Example 1.3. In the case n = 2, we have 

(1) Mold2,i 

(2) Mold2,2 

(3) Mold2,3 

(4) Mold2,4 

Indeed, ([T]) and (jl]) are obvious. To see ([2]), note that giving an R- 
valued point of Mold2,2 is equivalent to giving a rank 1 projective sub- 
module of M2 ■ I2 for each commutative ring R. Hence we have 
Mold2,2 = P|. Later will be proved in Corollary [LlTl 

We introduce an equivalence relation among molds as follows. 

Definition 1.4. Let A and B be molds of degree n on a scheme X. 
We say that A and B are locally equivalent if for each x G X there exist 
an neighborhood U of x and G GLn{Ou) such that P^^{A \u)Px = 
B It/C M^iOu). 

We define the following typical molds, a Borel mold and a parabolic 
mold. 

Definition 1.5. We define the mold S„ of degree n on SpecZ by 

Bn := {{kj) G M„(Z) I hi, = for z > j}. 

Let ^ be a mold of degree n on a scheme X. We say that ^ is a Borel 
mold of degree n if ^ and Bn ®z Ox are locally equivalent. 



Spec Z, 

PL 

Spec Z. 



4 



Definition 1.6. Let rii, n2, . . . , be positive integers with = 
We define tfie mold Vni,n2,-,nr of degree n on SpecZ by 



ni,n2,---,nr 



and j < 5]fc=i "-ik 

Let ^ be a mold of degree n on a scheme X. We say that ^ is a 
parabolic mold of type {rii, n2, ■ ■ ■ , rir) if A and Vni,n2,-,nr ®tl Ox are 
locally equivalent. 



Let us discuss the structure of the moduli of molds M.oldn,d- The 
following case is easy. 

Proposition 1.7. For a positive integer n, we have 
Mold„ „2 = Spec Z, 

Mold„,d = if n^-n+l<d<n^. 

Proof. Since there is no rank mold of degree n except M„, wc 
have Mold„„2 = SpecZ. Suppose that — n + 1 < d < and 
that A C Mn{k) is a rank d mold over an algebraically closed field k. 
Then A has a non-trivial invariant subspace of /c", and hence A has 
at most dimension — n + 1. This is a contradiction. Because there 
exists no geometric point of Mold„,d if — n + 1 < c? < n^, we obtain 
Mold„,d = 0. ' □ 

Let rii, 712, ■ ■ ■ ,nr be positive integers. Put n := J2i<i<r ^ 
^i<i<j<r^i'^'v show that the moduli of molds Mold„^rf contains 
an open and closed subscheme corresponding to the parabolic molds of 
type (ni, n2, . . . , n^). This subscheme is isomorphic to a flag scheme, 
and hence it it smooth over Z. To prove this statement, we make 
several preparations. 

Notation 1.8. Let ni, ^2, . . . , be positive integers. 

Put n :— ^rij. We define the closed subgroup scheme ur of 

PGL„ by 

p ._ / (I,. \ p prjT hj = if ELi ni<i< \ 

We denote by Flag„^ „2^ „^ the fiag scheme PGL„/P„^_„2,...,n.- 

Lemma 1.9. Let R be a local ring. Let us consider the canonical action 
of the parabolic mold T'ni,n,2,-,nr ®z R on i?" with n = X^n^. Then for 
each 1 < s < r there exists a unique rank ni + n2 + ■ ■ ■ + Us subbundle 
of R^ which is invariant under the parabolic mold. {By a subbundle M 
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o/i?" we understand an R-projective module M of BJ^ such that BJ^ /M 
is also projective.) 

Proof. It is obvious that there exists an invariant rank ni + • • • + 
subbundle of i?". For proving the uniqueness, we only have to show 
that the Borel mold S„ R has a unique invariant rank i subbundle 
of i?" for each 1 < i <n. Let {ei, 62, ... , e„} be the canonical basis of 
i?". Suppose that M C R"^ is an invariant rank i subbundle. Then we 

show that M — Rci + Re2 H Rci. Uv — Yl '^j^j ^ ^ with aj e R^ 

and j > i, then {EijV, E2jV, . . . , Ejjv} spans a rank j subbundle of M. 
This is a contradiction. Hence if v = ajCj G M, then aj e m for 
each j > i, where m is a unique maximal ideal of R. 

Let us define the projection p : i?" — >■ i?* by ^ GjCj aiei+- • ■+aiei. 
Since M is a rank i subbundle of RT', p\m' M — > i?' is an isomorphism. 
For 1 < J < i, we put Xj := (p 

We can write Xj = Cj + Vj with Vj G mcj+i + ■ ■ ■ + me„. Then we have 
^jj^j ~ ~ {P |M)~^(ej) = Xj = Cj + Vj, which implies that Vj = 0. 



Corollary 1.10. Let R be a local ring. Then the set N'{Vni,...,nr ®z 

R) := {Q G PGL„(i?) I Q ■ {Vn,,...,nr ®Z R) ■ Q'' Q Vn,,...,nr ®Z R} is 

equal to P„i,...,„^(i?). 

Proof. Let Q G jV(Pni,...,n^ ®z R)- Take a representative of Q in 
GL„(i?), say it Q, too. Since the parabolic mold Vni,...,nr '^z — 
Q ■ ('^rii,...,rir ®z -R) • has a unique invariant rank ni + ■ ■ ■ + Ug 
subbundles of i?", Q also leaves such a subbundle invariant. Hence 



Proposition 1.11. Let R be a local ring. For Q G Pn^^ ^ ^nXR)} '^^ 
define the algebra homomorphism Ad{Q) : Pni,...,nr- ®z-R — ^ ^ni,...,n,. ®z 



&2/^d(Q)(X) = QXg-i. //Ad(g) = id, ^/lenQ = 7„ in Pn,,...,nM- 



Proof. Let Q = {qij) G -Pni,...,nr(-R)- Suppose that Ad{Q) = id. Let 
us consider the block Qu :— (qii)-r^k-i „ .^^k „ for 1 < /c < r. 

By the hypothesis, Ad{Qk) : M„^.(^) is the identity for 

1 < < r. Then we see that Qk is a scalar matrix. For i < j, 
considering the (i, j)-entry of QEijQ~^ = E^j, we have qu/qjj = 1. 
Hence qn = q22 — ■ ■ ■ = Inn- For i < j, considering the (i,j)-entry 
of QEjjQ~^ — Ejj, we have qij/qjj — 0. Hence we obtain q^j — 0. 



Therefore M = Rei + Re2 -{ -Re,. 



□ 



QePn„...,nr{R)- 



□ 



Therefore Q = in Pj 



ni,...,nr 



(R). 



□ 



We construct a closed subscheme of the moduli of molds in the next 
proposition. 
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Proposition 1.12. Let ni,n2, . . . ,nr be positive integers. Put n := 
^rii and d := Yl,i<i<j<n^i'^r define : PGL„ Mold„,rf by 

Q I— 7- Q{Vni^n2,...,nr ®i O x)Q^^ foT tt X-valued point Q o/ PGL„ with 
a scheme X. Then the morphism induces the closed immersion 

Flag„^ „2,...,nr ~^ Mold„,d. As a closed subscheme Flag„^ ,j2,...,nr c^'^" 
responds to the parabolic molds of type (ni, n2, . . . , n^). 

Proof. The morphism (p induces : PGL„/P„j^...^„^ = FIag„^ „^ 
Moldn^d. We claim that is a closed immersion. First we show that is 
a monomorphism. Let X be a scheme. Let P and Q be X-valued points 
of PGL„. Suppose that 0(P) and 0((5) are same molds on X. Since 
P{Vn„...,n.®Ox,.)P-^ = Q{Vn,,...,n,.®Ox,.)Q-^ for each o; G X, P^^Q 
is contained in the normalizer N{Vni,...,nr ® of Vni,...,nr ® C'x.x- 

From Corollary 11.101 we see that P~^Q G P„i,...,ri^ at each x and hence 
that P = Q in PGL„/P„^^ Therefore is a monomorphism. Next 
the morphism is proper, since the scheme PGL„/P„j is proper 
over Z. Thus we have proved that is a closed immersion. □ 

The closed subscheme constructed above is also open in the moduli 
of molds. For proving this, we introduce the following propositions. 

Lemma 1.13. Let R be a local ring and let A C M„(i?) be a parabolic 
mold over R. Then the normalizer N{A) := {X G M„(P) | [X, F] G 
A for each Y E A} is equal to A. Here we define [X, Y] := XY — YX . 

Proof. Since P is a local ring, by changing A to PAP^^ with a 
suitable matrix P G GL„(P) we may assume that 

bij = if Y.e=i < ^ < Y.etl 

and j < rii 



i5)A = ^ (%) G M„(i?) 



It is clear that A C N{A). Suppose that X = Y^^-ijEij G M„(P) \ A. 
There exists Eij ^ A with aij ^ 0. Note that i > j. For Ejj G A, 
we have [X^Ejj] = ttijEij + ■ ■ ■ . Since the (i,j)-entry of [X,Eij] is 
not zero, [X,Ejj] ^ A. Hence X ^ N{A). Thus we have proved that 
A = N{A). □ 



Proposition 1.14. Let k be a field and let A C M„(A;) be a parabolic 
mold over k. Then the linear map 

MM/ A ^ Derfe(AM„(A;)/A) 
X ^ [X, -] 

is bijective. 
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Proof. We can easily check that the above map is well-defined. 
The injectivity of the map follows from Lemma 11.131 For proving 
that the linear map is an isomorphism, we may assume ([5]). Let 
6 G DeTk{A,Mn{k)/A). If Eij G A, then we have 

6{Ei,) = 6{EuEij) = Eu6{Ei,) + 6{E,,)Ei, 

and 

5{E,j) = 5{EijEj,) = EijS{Ejj) + S{E,j)Ejj. 

The first equality shows that the (£, *)-entries of S{Eij) are determined 
by 6{Eii) for i i, and the second equality shows that the 
entries of S{Eij) are determined by S{Ejj) for i ^ j. Hence S{Eij) is 
determined by S^Ea) and d{Ejj). The derivation 6 is determined by 
{S{Eii) \ l<i<n}. 

Since 6{Eii) = diyEuEu) = Eud^Eu) + 5 {En) En, the matrix 5{Eii) 
has zero entries except (i, *)-entries and (*, 2)-entries. For i ^ j, we 
obtain 

= diEuEjj) = Eu5{Ej,) + 5{Eu)E,j. 

If 3 < S^=i '<^i <i for some s, then 6{Eii)ij = —6{Ejj)ij. We see that 6 
is determined by the data {6{Ejj)ij \ j < J2e=i < i for some s} and 
that dimDeTk{A,Mn{k)/A) < T.i<i<j<r^i'^3 = dimM„(/c)/A. From 
the injectivity, we prove that the above linear map is an isomorphism. 

□ 



Now we prove that the closed subscheme Flag„^^ „^ is open in Mold^^^. 

Proposition 1.15. The morphism : Flag^^^ „^ — )■ Moldn^d Propo- 
sition [TTB is smooth. In particular, Flag^^^ is an open and closed 
subscheme o/Mold„^d. 

Proof. Let {R, m) be an artin local ring. Let / be an ideal with 
m ■ I = 0. Suppose that A C M„(i?) is a mold over R such that 
A®rR/ / is a parabolic mold of type (ni, . . . , n^) over R/ 1. For proving 
the statement, we only have to show that A is a parabolic mold over R. 
From the assumption, there exists P G GL„(_R/J) such that P{A ®/j 

R/I)P = 'Pni,...,nr ®z R/I- Take a matrix P G GL„(i?) such that 
P mod m = P. By changing A to PAP~^, we may assume that A 
is a mold over R such that A R/I = Vni,...,nr ®i R/I- We denote 
A ®R R/I by A 

Let q : M„(_R) — )■ M„(i?) be the i?-hnear map defined by 

fx) ■=[ ^ Yfi=i ne<i< Y.etl 3 < Y.e=i fo'^ ^^"^^ ^ 
\ Xij otherwise 
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for X = (xij) G Mn{R). For matrix elements Eij G A choose their 
representatives Eij in A. We define the i?/J-hnear map 6 : A ^ M„(/) 

by 6{J2'^ijEij) •= lij^^ij-^ij)^ where ciij G -R is a representative of 
ttij G R/I. Since P = 0, we can easily check that 6 is independent of 
choices of fijj. 

Set R/m = k. Note that M„(J) = Mn{R)0Rl®RR/m = M„(A;)®fcJ. 
The map 6 induces the fc-linear map 6 : A (8>/j k — M„(/c) 0^ /. From 
the definition of 6 we see that 5 is a derivation. By Proposition 11.141 
we have Y G M„(A;) (g)^ J = M„(/) such that 6 = [Y, —]. Hence the map 

A A A M„(J) is given by X ^ [Y,X]. Putting P := (J„ -Y) e 
GL„(i?), we have PXP-^ = (/„ - r)X(/„ + Y) = X - [Y,X] for 
X G M„(i?). We see that PAP'^ = Vn,,...,nr ®z R and hence that A is 
a parabolic mold over R. This completes the proof. □ 

From the discussion above, we obtain the following theorem. 

Theorem 1.16. Let ni, n2, . . . , be positive integers. Put n := 
and d := X]i<i<j<n^*'^i- Then the moduli of molds Mold„ ,i contains 
the open and closed subscheme corresponding to the parabolic molds of 
type {ni,n2, ■ ■ ■ yfir) ■ This subscheme is isomorphic to a flag scheme 
over Z. 



The above theorem follows the next corollary. 
Corollary 1.17. In the case d = n'^ — n + 1, we have 



Mold„,„^_„,+i 



Pi n = 2. 



Proof. Each geometric point in Mold„_„2_„_,_i(f2), that is, each mold 
of rank — n + 1 over VL has an invariant subspace of fi". This mold 
is a parabolic mold of type (l,n — 1) or {n — 1, 1). Hence the moduli 
Mold„^„2_„_,_i is covered by Flag^^ and Flag„_]^ ^. □ 

From now on we prepare some terminologies on representations. Us- 
ing the notion of mold, we classify representations. 

Definition 1.18. Let F be a group or a monoid. Let X be a scheme. 
By a representation of degree n on X for F we understand a group ho- 
momorphism (resp. a monoid homomorphism) p : F — GL„(F(X, Ox)) 
(resp. p : F ^ M„(F(X, C^))), where T{X,Ox) is the ring of global 
sections on X. 

For two representations p, p' of degree n for F on a scheme X, we 
say that p and p' are equivalent (or p ~ p') if there exists a F(X, Ox)- 
algebra isomorphism a : M„(F(X,Cx)) ^ M„(F(X,Cx)) such that 
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cr(p(7)) = p'{,l) for each 7 G F. We also say that p and p' are locally 
equivalent if there exists an open covering X = Ui^jUi such that p \ 
and p' \ u- are equivalent for each i G /. 

Definition 1.19. Let ^ be a mold of degree n on X. For a represen- 
tation p on X, we say that p is a representation with mold A if the 
subsheaf (9x[p(F)] of Ox-albebras of M„(Cx) is locally equivalent to 
A. In particular, we say that p is a representation with Borel mold if 
(9x[p(F)] is a Borel mold. We also say that p is a representation with 
parabolic mold of type {ui, 77-2, . . . , nr) if (9x[p(F)] is a parabolic mold 
of type (rai,n2, ...,nr). 

In [3| we proved the existence of the coarse moduli scheme of equiv- 
alence classes of absolutely irreducible representations. Here we quote 
this result. 

Definition 1.20. For a representation p of degree n for a group F 
on a scheme X, we say that p is absolutely irreducible if O^blF)] = 
Mn[Ox)- This definition is equivalent to the one in We abbreviate 
an absolutely irreducible representation to a.i.r. 

Theorem 1.21 ([4J). There exists a coarse moduli scheme separated 
over Z associated to the following moduli functor: 

EqAIRniV) : (Sch) ^ (Sets) 

X I— )■ {p : a.i.r. of degree n for F on X}/ ~ . 

In particular, if T is a finitely generated group (or monoid), then the 
moduli is of finite type over Z. 

In the sequel, we only deal with representations with Borel mold. We 
will construct the moduli schemes of representations with Borel mold. 

2. Construction of the moduli of representations with 

Borel mold 

In this section, we construct the moduli scheme of equivalence classes 
of representations with Borel mold. 

Let us recall the representation variety. Let F be a group or a 
monoid. The following contravariant functor is representable by an 
affine scheme: 

Rep„(F) : (Sch) ^ (Sets) 

X I— 7- {p : rep. of deg n for F on X }. 

We call the affine scheme Rep„(F) the representation variety of degree n 
for F. The group scheme PGL„ over Z acts on Rep„(F) by p h- )■ P~^pP. 
Each PGL„-orbit forms an equivalence classes of representations. 
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For a commutative ring i?, we set Bn{R) '■= {(oij) G M„(i?) | Uij — 
for each i > j}, that is, Bn{R) is the i?-subalgebra of upper triangular 
matrices. We define the closed subgroup scheme B„ of PGL„ by B„ := 
{(ojj) G PGL„ I aij = for i > j}. By a Bn-representation of degree 
n for r on a scheme X, we understand a homomorphism p : F — )■ 
;Bn(F(X, Cx))- It is easy to check that the subfunctor of Rep^(F) 
consisting of H„- representations is represented by a closed subscheme. 
We denote it by B„(F). 

For two K„-representations p and p' of degree n for F on a scheme X, 
we say that p and p' are Bn- equivalent to each other, if there exists a X- 
valued point Q e B„(X) such that QpQ~^ — p' . The group scheme B„ 
acts on B„(F) by p QpQ~^ . Each B„-orbit forms a B„-equivalence 
classes of i3„-representations. 

By a Bn-representation with Borel mold for F on a scheme X, we 
understand a homomorphism p : F — > B„(F(X, Cx)) which is a rep- 
resentation with Borel mold. Note that p : F — ^ i5„(F(X, Ox)) is 
a S„-representation with Borel mold if and only if p(F) generates 
Bn{T{X,Ox)) as a F(X, Cx)-algebra. We denote by Rep„(F)B the 
subfunctor of Rep^(F) consisting of representations with Borel mold. 
We also denote by B„(F)b the subfunctor of B„(F) consisting of 
representations with Borel mold. We see that Rep,„(F)5 and B„(F)b 
are subschemes of Rep„(F) and B„(F), respectively. Indeed, we can 
verify that Rep„(F) has a (locally closed) subscheme Rep„(F)d of rep- 
resentations with mold of rank d — n{n + l)/2. Then the subscheme 
Rep„(F) B can be obtained by taking the pull-back of Flag^ ^ ^ by the 
morphism Rep„(F)d — Mold„,rf. Similarly, we can verify that B„(F)b 
is an open subscheme of B„(F). We call the scheme Rep„(F)s the 
representation variety with Borel mold of degree n for F. 

Now let us define the contravariant functor £qB^^(V). By a general- 
ized representation with Borel mold of degree n for F on a scheme X, 
we understand pairs {(C/j, pi)}iei of an open set Ui and a representation 
with Borel mold p, : F — > M„(F(C/j, Ox)) satisfying the following two 
conditions: 

(i) Ui = X, 

(ii) for each x & UiHUj, pi and pj are equivalent to each other on 
a neighbourhood of x. 

We say that generalized representations with Borel mold {{Ui, Pi)}i^i 
and {{Vj, o'j)}jQj are equivalent if {{Ui, Pi)}i<zi U {{Vj, crj)}jgj is a gen- 
eralized representation again. 
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We introduce the contravariant functor 8qB^{T): 
SqB^iV) : (Sch) ^ (Sets) 

{gen. rep. with 
{([/j, Pi)}jg/ Borel mold of 
deg n for F on X 

In this section, we show that the functor £qB^(T) is representable 
by a scheme over Z. For proving this, we prepare another functor 
EqBBST). 

By a generalized Bn-representation with Borel mold of degree n for F 
on a scheme X, we understand pairs {(f/i. Pi) jig/ of an open set Ui and 
a i3„-representation with Borel mold p, : F — )■ i3„(F(f/j, Ox)) satisfying 
the above condition @ and the following: 

(jn])* for each x G UiHUj, there exists Q G B„(V) such that Q^^PiQ = 
Pj on a neighbourhood of x. 

We say that two generalized ^^-representations Pi)}ie/ and 

{{Vj,aj)}j^j are Bn-equivalent (or {([/"», Pi)}ig/ ~b„ {(V'j, crj)}jgj) if 
{{Ui, pi)}ifzj U {(V^-, (Tj)}jgj is a generalized i3„-representation again. 

We define the contravariant functor SqBB^{r) by 
£qBB^{T) : (Sch) ^ (Sets) 

gen. i3„-rep. with 
X ^ { {{Ui, Pi)}i(zi Borel mold of 

deg n for F on X 



We can check that there exists a canonical isomorphism EqBB^iV) — > 
£qB^{T). Hence the representability of £qB^{T) is reduced to the one 
oi£qBB^{r). 

The following lemma can be easily verified: 

Lemma 2.1. The functor £qBB^{T) is a sheaf with respect to Zariski 
topology. 




By the above lemma, for proving that EqBB^iV) is representable, it 
suffices to show that it admits an open covering of affine schemes. 
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j\ 


< \i' 


-f\ 


c or 








I 


j\ 


= \i' 


— j'\ and i < i' 



Let us consider the index set X„ := | 1 < < J < n}. We 

define the order on X„ by 



We define Jij{R) := {(o-fc/) G Bn{R) \ an = for each (fc, Z) < (i, j)}- 

Let p be a S^-representation with Borel mold of degree n for F on 
a scheme X. We say that p satisfies the (*)-condition with respect 
to an X„-indexed subset {aij}(ij)ei„ of T if the set {p{ak,e)}{k,£)<{i,j) 
forms a basis of Bn{T{X, Ox))/ Ji,j{T{X, Ox)) over r(X, C^) for each 
{i,j) G X„. For any P G B„(X), p satisfies the (*)-condition with 
respect to {«jj}(ij)gx„ if and only if so does PpP~^. We also say that 
a generalized i3n-representation with Borel mold pj)}jg/ satisfies 
the {*)-condition with respect to {c(i,j}{i,j)ex„ if the same condition 
holds. 

For an X„-indexed set A = {aij}(i,j)gx„, the subfunctor £qBB^{V)A 
of SqBB^{r) is defined by ^g55„(r)^(X) := {p G SqBB^{r){X) \ 
p satisfies the (*)-condition with respect to A} for a scheme X. Let 
/c be a field and let p G £qBB^{V){k). Let p : F — )■ K„(/i;) be a 
representative of p. Then it is easy to check that p satisfies the (*)- 
condition with respect to some X„-indexed subset A = {aij}{ij)£x„ of 
F. Hence we have £qBB^{V){k) = Ua £<lBB^{V)A{k), where the union 
runs the X„-indexed subsets of F. 

In the sequel, we show that £qBB^{r)A is an affine scheme for each 
X„-indexed subset A of F. Let us define the subfunctor B„(F)b^ of 
B„(F) by 

B„(F)b,a(^) := W e B„(F)(X) I a satisfies the (*)-condition for A} 

for a scheme X. We easily verify that B„(F)B,yi is an affine open sub- 
scheme of B„(F). The action of B„ on B„(F) by p (-)■ QpQ~^ in- 
duces the one of B„ on B„(F)b^^. There exists a canonical morphism 
^n(X)B,A £iBB^{V)a- Then we obtain the following: 

Lemma 2.2. The morphism Bn(F) b,a ~^ ^(iBB^{T)a is a Bn-principal 
fiber bundle. In particular, the functor £ qB B ^(T) a is an affine scheme. 

As a corollary of Lemma 12.21 we have: 

Corollary 2.3. The functor £qBB^{T) is representable. 

Proof. The statement follows from that the sheaf £qBB^{T) is cov- 
ered by affine schemes £qBB^{V)A- □ 
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Before proving Lemma 12.21 we need several preparations and long 
discussions. Let p be the universal S„-representation on B„(r). Fix 
an X„-indexed subset A = {(yij}(ij)£x„ of T. We denote the coordinate 
ring of the affine scheme Bn(T)B,A by R. We define rjijipf) G Jij{R) 
and Sij^j) e -R for 7 G r and e X„ by induction. First we define 
£11(7) := p(7)ii/p(aii)ii and r]u{l) ■= p{l) - £:ii(7)p(«ii)- Suppose 
that G Ji/ji{R) and £i'j'(7) G R are defined for each 7 G F and 

for each < Now we define £^(7) := i'ni'j'il))ij/{Vi'j'{oiij))ij 

and riij{'y) := r]i>j>{-f) - eij{j)r]i>y{aij), where is the previous 

index of Here we remark that {f]i',j'{<^ij))ij ^ R^ ■ Set Th : = 

(Pii(ttii))ii e R"" and := (?7i'j'(aij))ij G i?"" for (2, j) G X„\{(1, 1)}. 

Under the action of B„ on i?, the elements Tij are semi- invariant. 
Indeed, for Q = (bij) G B^ we have Q*p{'y) = Qp{l)Q~^, Q*^^^) = 
QVij{l)Q~^i and Q*Tij = {bii/bjj)Tij. Hence TijTjur'f} is B„-invariant. 
We also see that £4^(7) is B„-invariant. 

Let us introduce the B„-invariant subalgebra of R. 

Definition 2.4. Let R^^ be the B„-invariant subalgebra of R. We 
define the affine scheme Ch„(F)B^^ := Speci?*^*^. 

The next lemma is a key for proving Lemma 12.21 

Lemma 2.5. There exists an upper triangular invertible matrix Q G 
Bn{R) ■= {{bij) G GL„(/2) I bij = fori > j} such that all entries of 
Qp{l)Q~^ are contained in R'^^ for each 7 G F. 

From now on, we concentrate ourselves into proving Lemma 12.51 
Note that the representation p satisfies 



for each 7 G F. Here we put — ^^y proving Lemma 

12.51 we only need to show that there exists Q G Bn{R) such that 
Qrii'j'{oiij)Q~^ G BniR""^) for each (z, j) G X„. 

Definition 2.6. For X G Bn{R), we say that X is canonical if the 
action of B„ on (entries of) X is described by Q*X = QXQ~^ for 
Q G B„. Note that p(7) and rjij^'j) are canonical for each 7 G F and 



Definition 2.7. For {i,j) G X„, we define the convex hull {i,j) of (z, j) 
as the subset {i,j) := {{k,i) E Zn \ k < i, i > j} of Xn- We also define 
the convex hull S* of a subset S of X„ by S := U(jj)g5 («, j)- 




(i,i)ex, 



j) e x„. 
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Definition 2.8. Let X = (xij) G Bn{R). We define the support of X 
by SuppX := {(i, j) G X„ | 7^ 0}. We say tliat X is {i,j)-shaped 
if G -R^ and SuppX C We also say that X is well-shaped if 

X = or X is (z, j)-shaped for some G X„. 

Set j) := Vi'j'ioiij) for (i, j) G X„. (Recall 1) := r7i'i'(aii) = 
p(«ii).) Note that Y{i,j) is canonical and that the (i, j)-entry ofY{i,j) 
is contained in . Now we show the following lemma. 

Lemma 2.9. For each G X„, there exists an [i,j)-shaped canon- 
ical matrix X{i,j) G Bn{R) such that 

Y{z,j) = X(z,j) + Yl akA^,j)X{k,i), 

(k,e)eSuppY{i,j)\(iJ) 

where ak/{i,j) is Bn-invariant. 

Proof. Since Y{l,n) is a (l,n)-shaped canonical matrix, we set 
X{l,n) := Y{l,n). Suppose that we can define a (fc,£)-shaped canoni- 
cal matrix X{k,i) for {k,i) > {i,j) and that the equalities above hold. 
Let us consider the case {i,j). Set J := SuppF(i, j) \ {i,j)- If J = 0, 
then set X{i,j) := Y{i,j). Assume that J 7^ 0. Let {s,t) be the 
minimum element of J. Then {s,t) G SuppF(i,j). If {s',t') 7^ 
for {s',t') G SuppF(z,j), then ^ (s',t'). Then the (s,t)-entry of 

BY{i, j)B~^ is equal to ybss/bu, where B = {b^^,) and y is the (s,t)- 
entry of Y{i,j). In other words, y is semi- invariant. Remark that 
(s,t) > The (s, t)-entry of X(s, t) is a unit, and ast(i, j) ■.= y/y' 

is B„-invariant. The new matrix Y' := — ast(i, t) is a 

canonical matrix and SuppF' C (i, j) U ( J\ {(s, t)}). Instead of 
and J, we consider Y' and J' := SuppF' \ {i,j)- Then J' = or the 
minimal element of J' is bigger than (s,t). By induction on the mini- 
mum elements of J', we can obtain B„-invariants ak/{i,j) for {k, i) & J 
such that X{i,j) := — J2{ke)'^ke{hj)X{k,£) is an (i,j)-shaped 

canonical matrix. By repeating this discussion, we can obtain an {i,j)- 
shaped canonical matrix X{i,j) for each {i,j) G X„. □ 

From the lemma above, we obtained well-shaped canonical matri- 
ces X{i,j) from Y{i,j) = rjiiji^aij). For proving Lemma [2.51 we only 
need to verify that there exists Q G Bn{R) such that QX{i,j)Q~^ G 
BniR'^^)- The next lemma is useful for the discussion below. 
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Lemma 2.10. Let X be a canonical matrix of Bn{R) ■ Set J := SuppX. 
Then there exist Bn-invariants aij for {i,j) G J such that 

X = aijX{i,j). 

Proof. If J = 0, then the statement is trivial. Suppose that J 7^ 0. 
Let G J be the minimum element of J. The (i, j)-entry Xij of X is 
semi- invariant, and hence aij := Xij/X{i,j)ij is B„-invariant. Here we 
denote by X{i,j)ij the (i,j)-entry of X{i,j). The new matrix X' : = 
X — ttijXij is a canonical matrix. If X' 7^ 0, then J' := SuppX' C J 
and the minimum element of J' is bigger than {i,j). By induction on 
the minimum of J = SuppX, we can prove the statement. □ 

Definition 2.11. Let R' be the subalgebra of R over R'^^ generated by 
the following elements: 

r (X(1,z)h)±^ {[^] + l<^<n), ] 

(X(^,n),„)±i (2<^<[H±i]), I 

1 {2<t<n), ( 

[ X{i, i)ji {3<i<n, 2 < j < i - 1) J 

Lemma 2.12. For each {i,j) G X„, X{i,j) G Bn{R'). 

Proof Note that X{i,i)ii G for 1 < z < n. It is easy to 

see that X(l, 1), X(l, n) G Bn{R'). First, we verify that X{n,n) G 
Bn{R')- Remark that X(n, GCfor2<'i<n — 1 and X(n, G 
(i?'^^)^. For proving that X(n, G R', let us consider the canonical 
matrix X(l, l)X(n, n). By Lemma [2. 101 we see that X(l, l)X{n,n) = 
a(l,n)X(l,n) for some a(l,n) G i?'^^ because Supp(X(l, l)X{n,n)) C 
{(l,n)}. Comparing the (1, n)-entries, we have 

n 

X(l, l)iiX(ra,n)i„ + ^X(l, l)ifcX(n,n)fc„ = a(l, n)X(l, n)i„. 

k=2 

Hence we see that 

n 

X(n, ?T.)i„ = X(l, l)j;/(a(l, ?T.)X(1, ?7.)i„ - ^X(l,l)ifcX(n,n) 

kn I 

k=2 

and that X{n,n)in G i?'. Therefore we have X{n,n) G Bn{R')- 

Next, we show that X(l,z)ij G [R')^ for 2 < i < n and that 
X{i,n)in G (-R')^ for 2 < i < n. Let us consider the canonical matrix 
X(l, «)X(i, n). The support is contained in {(1, n)}, and X(l, i)X(z, n) 
= aX{l,n) for some a G R"^^. Comparing the (1, n)-entries, we have 

X{l,i)iiX{i,n)in = aX{l,n)in. 
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Since X{l,i)ii,X{i,n)in,X{l,n)in & jVehave a E {R'^^)^. Because 
(X(l,i)H)±i G C for [^] + 1 < i < n and G C for 

2 < i < [^], we see that G for 2 < i < n and that 

X{i,n)in G (i?')"" for 2 < i < n. 

Third, we show that X{l,i) G Bn{R') for 1 < i < n. We have 
known that X{l,n) G Bn{R'). Let us consider the canonical matrices 
X{l,i)X{j, j) for j > 2. By Lemma 12.101 there exist B„-invariants 
a{i,k) for j < k < n such that X{l,i)X{j,j) = a(l,j)X(l,j) + 
Efc>j«(l>^)^(l)^) since SuppX(l, i)X(j, j) C {(l,j)}. Comparing 
the (1, j)-entries, we have 

X{l,i)uX{j,j)i, + X{l,z)i^i+^X{j,j)i+,j + ■ ■ ■ + X{l,i)i,X{j,j),j 

= a(l,j)X(l,j)ir 

We have seen that X(l,i)ij G R'. Assume that X{l,i)ik G R' for 
i ^ k < j — 1. By the equahty above, we have 

x(i,^)y = x(j,j)7/(«(i,j)^(i,j)i.— - ■ ■ ■ 

Since X(j, . . . , X(j, G C and X{l,j)ij G -R', we obtain 

X(l, G -R'. By induction on j, we have X(l, G i?' for i < j < n. 
Thus X(l,i) G i3„(i?')- 

Finally, we show that X{i,j) G Bn{R') for each {i,j)&Xn- If i = 1, 
then we have checked it. Hence we may assume that i > 1. By Lemma 
12.101 we see that 

X{l,z)X{t,j) = a{l,j)X{l,j) + ■■■ + a{l,n)X{l,n) 

for suitable B„-invariants a{l,k) {j < k < n). In particular, we 
obtain X(l,i)X(z,j) G Bn{R'). The (l,A;)-entry of X(l,z)X(i,j) is 
X(l,z)HX(z,j)ifc for J <k<n. Since X(l, G e i?'. 

Suppose that there exists 1 < ^ < i — 1 such that X{i,j)mk € -R' for 
m > i and j < k < n. Then we prove that X(2, j)^^ G R' for j < k < n. 
By using Lemma 12.101 again, we see that 

X(1,£)X(^, j) = a{l,j)X{l,j) + ■■■ + a{l,n)X{l,n) G i3„(i?') 

for suitable B„-invariants a{l,k) {j < k < n). For j < k < n, the 
(l,fc)-entry of X(l, £)X(i, j) is 

X{l,i)uX{t,j)ek+X{l,i),^e+iXit,j)e+i,k+---+XilJ)uXit,j),keR'. 

Since X(l,£)i^ G (i?')"" and X(l,£) G we have X{t,j)ek G i?' 

for j < k < n hj the hypothesis. By induction on i, we see that 
X{i,i)ik E R' for 1 < i < i and j < k < n. Therefore we proved that 
X{t,j) G Bn{R') for each (^, j) G X„. □ 
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Now we can prove Lemma 12. 51 

Proof of Lemma \2.5[ By the long discussion above, we only need to 
show that there exists Q G Bn{R) such that QX{i,j)Q~^ e BniR"^). 
For {X{i,i) I G X„} we introduced the set C in Definition 12.111 
Let Q G Bn{R). For {QX{i,j)Q~^ \ G X„} we define the set Q*C 
in a similar way. From now on, we prove that there exists Q G Bn{R) 
such that any element of Q*C is or 1. More precisely, we prove that 

iQXil,t)Q-% = 1 ([^] + l<^<n) 

n A- 1 

{QXit,n)Q-'),^ = 1 (2<t<[^]) 

{QX{l,l)Q'')u = {2<t<n) 
{QX{i,i)Q'^)ji = {3<i<n,2<j <i-l). 

Let us find Q = (qij) G Bn{R). First, we set 

922, • • • , Qnn) '■= U, 7 > • • • > > r2i±il+i, • • • , Ti,n-1 , Tl,nJ • 

T2,n T3,n '^[^],n 

Here recall that Tij = = Y{i,j)ij = X{i,j)ij. Then it is 

easy to see that {QX{l,i)Q~^)ii = 1 for [^^] + 1 < i < n and 
{QX{t,n)Q-'),n = 1 for 2 < 2 < [^]. 

Next, let us define qij G i? for z < j. Set = (o'**)- Let X = 
(a;**) G Bn{R)- From QQ""^ = /«, we have g^;, = q^^ and 

gii^jj + qij-iq'j-ij + ■■■ + qi,i+iq'i+ij + giig-^ = 
for i < j. Since 

I'ij = -(lu^iiji'jj + Qij-Wj-ij + ■■■ + qi,i+iq'i+ij), 

we see that q[j can be expressed by {g^ | {k,i) < The 
entry of QXQ~^ is 

qijXjjq'jj + qiiXiiq[j + qik^keQej 

~ i^jj ~ + ( rational function of {qki \ {k,i) < 

Assume that qke E R is defined for each {k,i) < Now we define 

qij G -R. If 2 = 1, then put X = X{1, 1). Since xu G R* and xjj = 0, 
the (1, j)-entry of QX(1, 1)Q~^ is —Xng^-^gjj + (lower term), and hence 
we can find q^ satisfying the equation {QX{1, l)Q~^)ij =0. If i > 1, 
then put X = X{j,j). Since xu = and Xjj G R*, the (2,j)-entry 
of QX(j, j)Q^^ is XjjqJ^qij + (lower term), and hence we can find qij 
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satisfying the equation {QX{j, j)Q~^)ij = 0. By induction on G 
X„, we can define Q = (qij) satisfying the equations. In particular, any 
element of Q*C is or 1. 

By Lemma [2. 121 we have X{i,j) G Bn{R')- Similarly, we see that all 
entries of QX{i, j)Q~^ are contained in the algebra generated by Q*C 
over W"^. Since any element of Q*C is or 1, QX(2, j)Q-i G 
for (i, j) G Xn. □ 



Now we can finish the proof of Lemma 12.21 

Proof of Lemma {KM By Lemma [2.51 there exists Q G Bn{R) such 
that Qp(7)Q-^ G BniR""^) for each 7 G L. The inclusion R 
induces the morphism tt : Bn(T)B^A Ch.n(T)B,A- We have the section 
s : Ch.n{T)B,A — ^n(X)B,A associated to the S„-representation p' : = 
QpQ-^ : r ^ BniR""^) with Borel mold. 

We show that the morphism : Ch.n(T)B,A x B„ — )• Bn(T)B,A as- 
sociated to the i3„-representation Qp'Q^^ gives an isomorphism. Here 
we denote by Q the universal matrix of B„. For a scheme Z, the 
morphism 0,(Z) : /ich„(r)s,A(£) x ^b„(^) ^ ^B„(r)B,A(^) is injec- 
tive because of Proposition 11.111 Let us prove that (f>^{Z) is surjec- 
tive. Let ^ G /iB„(r)fl ^ (^)- Put x ■= T^*{Z){tp) G /ich„(r)s a (^) and 
V^' := s4Z){x) G V(r),,^(^). Note that 7r,(Z)(^) = 7r,(Z)(V'') = x- 
For -0 and V'', we can define (i, j)-shaped canonical matrices X{i,j) and 
X'{i,j) on Z, respectively. In a similar way as in the proof of Lemma 
12.51 we see that there exists Q G hB„{Z) such that C = Q*C', where 
we define C and C as in Definition 12.111 for ip and tp', respectively. 
Since the B„-invariants are same for and tp', X{i,j) = QX'{i, j)Q~^ 
and ip = Qip'Q'^. In particular, (f)^:{Z){ip' ,Q) = ip and hence (p^:{Z) is 
surjective. Therefore is an isomorphism. 

The morphism Bn(T)B,A Chn(T)B,A gives a B„-principal fiber 
bundle. We can check that the functor £qBB,^{V)A is representable by 
Ch„(r)B,yi. This completes the proof of Lemma [2.21 □ 

By Corollary 12.31 we see that SqBB^{r) is representable. We intro- 
duce the following definition. 

Definition 2.13. The scheme Ch.n{T)B which represents the functor 
SqBB,^(r) = EqB^iV) is called the moduli of representations with Borel 
mold of degree n for F. It is also called the character variety with Borel 
mold of degree n for F. 

Remark 2.14. The canonical morphism vr : Rep„(F)B — )■ Ch„(F)B 
is a principal fiber bundle with fiber PGL„. The canonical morphism 
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tt' : Bn(T)B — Ch„(r)B is also a principal fiber bundle with fiber B„. 
These principal fiber bundles have a local trivialization with respect to 
Zariski topology. They are universal geometric quotient in [3]. 

The construction of the moduli of representations with Borel mold 
gives us the following diagram: 

B„(r)BxPGL„ 4 Repjr)B 

where 

/ : B„(r)BxPGL„ ^ Rep„(r)B 
(p,Q) ^ Q-^pQ 

and pi : B„(r)B x PGL„ — B„(r)B is the first projection. The mor- 
phism / is a principal fiber bundle with fiber B„ which has a local 
trivialization with respect to Zariski topology. 



Lemma 2.15. Let T be a finitely generated group or monoid. Then 
Ch„(r)B is of finite type overZ. 

Proof. Since the representation variety Rep„(r) is of finite type 
over Z when T is finitely generated, so is a subscheme Rep„(r)s. The 
principal fiber bundle tt : Rep„(r)B Ch„(r)B with fiber PGL„ has a 
local trivialization with respect to Zariski topology, and hence Ch.n{T)B 
is of finite type over Z. □ 

Remark 2.16. Lemma r2.15l can be verified by investigating the invari- 
ants directly. Since Rep„(r)B is quasi-compact, Ch„(r)B is also quasi- 
compact. It is essential to prove that Ch„(r)B is locally of finite type 
over Z. Let be the affine ring of CK{T)b,a- Let p' : T ^ BniR"^) 
be the fin-representation with Borel mold in the proof of Lemma 12.21 
For a generator {aj}^^ of P, we consider the set S of all entries of p'{ai) 
for i = 1, 2, . . . , iV. Then R^^ is generated by S over Z. Indeed, let Rq 
be the subalgebra of R^^ generated by S over Z. We can define the fin- 
representation p" : P — > Bn{Ro) with Borel mold such that p"®R^^R^^ = 
p'. We define the section of Bn(T)B,A Ch.n(T)B,A Speci?o associ- 
ated to p". We can show that for / G Hom(Chn(P)B^^, A^) there exists 

a unique /' G Hom(Spec-Ro! ^k) such that Ch„(P)B,A — )■ Spec-Ro 

is /. Hence we have R'^^ = Rq. Therefore R'^^ is finitely generated over 

Z. 
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Proposition 2.17. The moduli Ch„(r)B is a separated scheme over 
Z. 



Before proving Proposition I2.17[ we introduce the following lemma. 
We define the subgroup scheme Bn of GL„ by i?„ := {(%) G GL„ | 
hij = for each i > j}. 

Lemma 2.18. Let R be a valuation ring and K its quotient field. 
Suppose that P G Bn{K) satisfies PBn{R)P~^ = Bn{R)- Then there 
exist X ^ K and Q G Bn{R) such that P = XQ. 

Proof. Set P = {pij). Let f be a valuation of R. We claim that 
■^^(^11) = v{p22) = ■■■ = v{pnn) and that v{pij) > v{pu). From this 
claim, A := pu and Q := 1/pu ■ P are what we want, and hence the 
statement can be proved. 

By the assumption, PEijP"^ G Bn{R), and hence the (z,j)-entry 
Pii/Pjj G R. Since P~^Bn{R)P = Bn{R) also holds, the (i, j)-entry 
Pjj/Pii of P~^EijP is contained in R. Therefore v^pu) = v{pjj). For 
each i < j, the (i, j)-entry Pij/pjj of PEjjP^^ is contained in R, which 
conclude that v{pij) > v{pjj) = f (pn). Thereby we have proved the 
claim. □ 



Proof of Proposition \2.1'T\ We prove that Ch„(r)B is separated by 
using valuative criterion. Let i? be a valuation ring and K be its 
quotient field. Suppose that [p] and [p'] be two i?-valued points of 
Ch„(r)B which coincide as i^'- valued points. We show that [p] = [p'] 
as -R-valued points. Let us take representatives p, p' : T ^ Bn{R) of 
[p], [p'], respectively. Since p, p' are equivalent to each other over 
there exists P G Bn{K) such that PpP~^ = p'. The algebra Bn{R) 
is generated by the image of p or p' over R, and hence PBn{R)P~^ = 
Bn{R)- By Lemma [2.18[ there exist X & K and Q G Bn{R) such that 
P = XQ. We obtain QpQ~^ = p', and we conclude that p and p' are 
equivalent over R. □ 

Summarizing the above discussion, we obtain: 

Theorem 2.19. Let T be a group or a monoid. The sheafification with 
respect to Zariski topology of the following functor is representable by 
a separated scheme Ch„(r)B over Z.- 

SqB^{r) : (Sch) ^ (Sets) 

X ^ { i"GP- with Borel mold of deg n for F }/ ~ 

IfT is finitely generated, then Ch„(F)B is of finite type overZ. 
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Remark 2.20. In this paper, we deal with only representations of 
groups or monoids. However, we can construct the moduli of repre- 
sentations with Borel mold for an arbitrary associative algebra. Let 
A be an associative algebra over a commutative ring R. We define a 
reprensentation with Borel mold for A on a scheme over i? in a similar 
way as the group case. Then we can construct the moduli scheme of 
representations with Borel mold separated over R. If A is a finitely 
generated algebra over R, then the moduli is of finite type over R. 
(The fact that the moduli is quasi-compact follows from that there ex- 
ist a noetherian subring S of R and a finitely generated subalgebra Aq 
of A over S such that ®5 -R — ?■ A is surjective and the morphism 
Bn{A)B — Bn{Ao)B is affiue and hence quasi-compact.) 

3. Basic results 

In this section we introduce basic results on the moduli of represen- 
tations with Borel mold. 

Let F be a group or a monoid. Let p be a representation with Borel 
mold for F on a scheme X. Let us define the action of F on the trivial 
vector bundle Of by F 4 M„(F(X,Ox)) = Endo^(0®"). Then we 
have the following proposition. 

Proposition 3.1. For each 1 < i < n, there exists a unique F- 
invariant subbundle Si C (9^" of rank i on X . The T-invariant sub- 
bundles Si S2 ■ ■ ■ Sn-i ^ Ox"' form a complete flag of 
■ 

Proof. Lemma 11.91 follows the uniqueness of F- invariant subbundles. 
Since we have F-invariant subbundles locally, by gluing them together 
we obtain unique F-invariant subbundles globally. □ 

From the above proposition, we easily obtain: 

Theorem 3.2. The representation variety with Borel mold Rep„(F)5 
has a unique complete flag of T -invariant subbundles C sj^j^ ^ ■ ■ ■ C 

^T^n^'' ^ ^Rrp (r)s which has the universal property: for any scheme 
X and for any representation p of degree n with Borel mold for F on 
X , the unique T-invariant subbundles Si of rank i on X is obtained as 
f*S^\, where / : X — )• Rep„(F)B is the morphism associated to p. 
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Remark 3.3. For a representation with Borel mold p for F on a scheme 
X, we have unique F-invariant subbundles Q ^ £i ^ £2 ■ ■ ■ £n-i ^ 
C^" on X by Proposition 13.11 The action of F on £i/£i_i induces 
the character Xi of T for each 1 < i < n. The correspondence p ^ 
(Xi, X2, • • • , Xn) gives us a morphism Ch„(F)B Chi(F) x ■ ■ ■ x Chi(F). 
Here Chi(F) is the moduh of characters for F. 

In the case n = 2, we have a morphism Ch2(F) b — ^ Chi(F) x Chi(F). 
The fiber at (X15X2) is the projective space of the extension classes of 
characters (xi)X2)- However, in this article we will not go into details 
on the relation between the moduli of representations with Borel mold 
and the extension classes of characters. 

We denote by Rep„(m)B the representation variety with Borel mold 
for the free monoid of rank m. The following proposition follows 
that Rep„(m)B contains the representation variety with Borel mold 
Rep„(Fm)B for the free group of rank m as an open subscheme. 

Proposition 3.4. Let Tm = (oi, • • ■ , Om) be the free monoid of rank 
m. Let Fm = (oi, • • • , Om) be the free group of rank m. The inclusion 
Tm — Fm by ai — )■ induces an open immersion Rep^(Fm)B — ^ 
Rep„(m)B. 

Proof. Restricting each representation p with Borel mold for F^ 
to the free monoid T^, we can obtain a morphism Rep„(Fm)_B — ^ 
Rep„(m)B. Indeed, by the Cayley-Hamilton theorem, p{a~^) is ex- 
pressed as a polynomial of p{ai), and hence (p(ai), . . . , p{am)) gener- 
ates a Borel mold. It is easy to check that the morphism Rep„(Fm) b — >■ 
Rep„(m)B is an open immersion. □ 

In the case n = 1, we see that Rep;^(m) = and Repi{Fm) = 
{Az\{0})"^. In the case n >2 and m = 1, we also see that Rep„(l) = 
and Rep„(Fi) = 0. In the case n > 2 and m > 2, Rep„(m)B and 
Rep„(Fm)B are non-empty (see [6]). Furthermore we have: 

Proposition 3.5. Let n > 2 and m > 2. The scheme Rep„(m)s is 
smooth over Z. In particular, Rep„(Fm)_B is smooth over Z. 

Proof. Let A be an artinian local ring and let I be an ideal of A 
with P = 0. Let p G Rep„(m)B(A//). Then we show that there 
exists p e Rep„(m)s(A) such that the reduction of p to A/I is equal 
to p. We take a system of free generators {ai, a2, ■ ■ ■ , am} of the free 
monoid T^- There exists P G GL„(A/J) such that P 'p{ai)P is an 
upper triangular matrix for each 1 < i < m. Take P G GL„(A) 
such that the reduction to A/ 1 is equal to P. We also take an upper 
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triangular matrix Xj G GL„(A) as a lift of P p{ai)P for each i. Then 
we define the representation p : — GL„(y4) by p{ai) := PXiP~^ 
for each 1 < i < m. We easily see that p is the desired representation 
with Borel mold, and hence we have proved the statement. □ 

Corollary 3.6. Form > 2, the moduli scheme of representations with 
Borel mold Ch„(m)B for the free monoid Tm is smooth over Z. In 
particular, the open subscheme Ch„(Fm)B o/Ch„(m)s is also smooth 
over Z. 

Proof. The quotient morphism Rep„(m) b — ?■ Ch„(m) b gives a PGL„- 
principal fiber bundle. Since Rep„(m) b is smooth over Z, so is Ch„(m)B. 

□ 

Remark 3.7. In [6] we have proved that Ch„(m)B is a fibre bundle 
over the configuration space -F„(A™) of the affine space with fibre 
(P^-2)"-i X (A^-^)("~2)("-i)/2 with respect to Zariski topology. In 
particular, the rational function field of Ch„(m)s is rational over Q if 
n = 1 or n,m > 2. Furthermore, if /c is a field, then Ch„(m)s ® A; is a 
smooth rational variety over k. 

4. The degree 2 case 

In this section, we deal with representations of degree 2 with Borel 
mold. In the degree 2 case, a mold is a Borel mold if and only if it has 
rank 3. 

The following proposition gives us one of characterizations of repre- 
sentations of degree 2 with Borel mold for a group F. 

Proposition 4.1. Let T be a group. Let p be a representation of degree 
2 for r on a scheme X . Then p is a representation with Borel mold if 
and only if the following two conditions hold: 

(i) tr(p([a, /?])) = 2 for each a,/3 eT, where [a,f3] := af3a^^f3^^. 

(ii) the image of the composition!" A GL2(F(X, Ox)) — >■ GL2(A;(x)) 
is not an abelian group for each point x E X, where k{x) is the 
residue field of x. 

Proof. If p is a representation with Borel mold, then for each x G 
X there exist a neighborhood U oi x and P G GL2(Cx(f^)) such 

Q ^ j for each 7 G F. Hence we have 

tr(p([Q;, /?])) = 2 for each a, /3 G F. Since for the mold Cx[p(r)] ® k{x) 
is a non-commutative algebra for x G X, the condition ^ holds. 
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Conversely suppose that two conditions (E]) and (In]) hold. Then we 
show that the subsheaf (9x[p(r)] of ^2{C>x) is a rank 3 mold. If 
(9x[p(r)] is a rank 3 mold, then it is a Borel mold from Corollary 11.1 7[ 
which completes the proof. For each x & X, there exists a, /3 G F such 
that p{a) and p(/3) are not commutative as elements of GL2(A;(a;)). 
From the assumption, the discriminant A{p{a),p{l3)) in Definition 15.11 
is equal to 0, since A(p(a), p(/3)) = det(p(a/3))(tr(p([a, /?]) — 2) by 
Proposition 15. 3[ Proposition 15.41 follows that the subsheaf of Ou- 
algebras Ou[{p |{/)(a),(p |c/)(/3)] generated by (p \u){a),{p \u){/3) is 
a rank 3 mold on some affine neighbourhood U of x. For each 7 G F, 
we only have to show that {p\u){l) ^ ^u[{p\u){ci), {p\u){f^)]- By con- 
sidering the subgroup of F generated by a, (3, and 7, we have reduced 
to the case that F is a finitely generated group. Let U = Spec(-R). Let 
us denote p\u by p. By changing R to the subring of R generated by 
all the entries of (p|{/)(a), {p\u){/3), and {p\u){l) over Z (if necessary, 
we may add more finitely many elements to the subring), we may as- 
sume that i? is a noetherian ring. Since we only need to prove that 
(p|[/)(7) G R[{p\u){a), (p|c/)(/3)] on a neighbourhood of each point of 
Speci?, we may also assume that i? is a noetherian local ring. 

First suppose that R is a. reduced noetherian local ring. Since the 
subalgebra R[p{a) , p{/3)] of M2(-R) is a Borel mold, there exists P G 
GL2(-R) such that P~^p{a)P and P~^p{(3)P generate the algebra i32®z 
R. By changing p to P'^pP, we may assume that p{a) and p(/3) 
generate the algebra B2 ®z R- We can check that 



(6) p{[a,f3]) 
where u G R^ . Put 

(7) P(7) 
Then we have 

p([[«,/9],7]) 



1 u 
1 

a b 
c d 



1 u \ f a h \ I 1 —u \ I d —b 



ad-bc\0lj\cdl\0 1 J \ -c a 



o?u+acu 



ad— be ad— be 

acu 



ad— be ad— be 

Since tr(p([[a, 7])) = 2 + = 2, we have = 0. By the 

hypothesis that R is reduced, we obtain c = 0, which implies that 
p(7)Gi?[p(«),p(/3)]. 

Next we claim that if (p(7) mod /) G {R/ I)[p{a), p{f3)] for an ideal 
I of R with P = 0, then we can show that p(7) G R[p{a), p{/3)]. This 
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claim and the result in the reduced case imply that p(7) G R[p{a) , p{f3)] 
for an arbitrary noetherian local ring R. As in the reduced case, we 
may assume that p{a) and p(/3) generate the algebra B2 ®z R and 
that and ([7]) hold. Since (p(7) mod J) G {R/ I)[p{a) , p{f3)], we have 
c G /. By changing pi^j) to p(7[a, if necessary, we may assume that 
the (1, 2)-entry b of ^(7) is contained in R^ . Remark that at least one 
of p{a),p{f3) is not commutative with p(7) as elements of GL2(-R/m), 
where m is a maximal ideal of R. Let {a, (3) be the subgroup of F 
generated by a, /3. 

We see that there exists 6 G {a, (3) such that p{5) is not commutative 
with p(7) as elements of GL2(-R/m) and p{5) has the form 



V Q 
r 



with p — r E R^ . Indeed, suppose that there exists no such 6. Then 
we have Si G {a, (3) such that p(5i) is not commutative with p(7) as 
elements of GL2 (i?/m) and p(5i) has the above form with p — r G m. 
We also have 62 G {a, (3) such that p(52) is commutative with p(7) as 
elements of GL2(-R/m) and p(52) has the above form with p — r G R^ , 
because {p{a),p{f3)) generate B2 ®z R/m. Putting 6 = 6162, we have 
such 6. 

For such 6, we obtain 

tr(p([7, 5])) = 2 - c _ • 

because c G / and = 0. Since p(7) and p{6) are not commutative as 
elements of GL2(-R/m), b{p — r) + q{d — a) G R^ . From the assumption 
that tr(p([7, a])) = 2, we have c = because p — r E R^ . This implies 
that p(7) G i?[p(a),p(/3)]. □ 

From the above proposition, we have the following corollary. 

Corollary 4.2. Let p be a representation of degree 2 for a group F 
on a scheme X . Suppose that p satisfies the conditions Hj and ^ in 
Proposition \4.1\ Then there exist an open covering X = Ui^jUi and 
Pi G GL2(F(t/„Cx)) such that 



Pr\p\uMm=(^ 



* 



for 7 G F and i G /. 



Remark 4.3. The condition in Proposition 14.11 is necessary that p 
can be normalized into upper triangular matrices as in Corollary 14.21 
Indeed, for such a representation p we always have tr(p([Q;, = 2 for 
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a, (3 G r. Corollary 14.21 does not always hold without the condition (jn]) 
in Proposition 14.11 The representation 

p : R ^ GL2(M) 
„ / cos 9 

y smtJ 

satisfies the condition but p has no nontrivial invariant subspace in 
M^. Indeed, the above representation p does not satisfy the condition 

m- 

Remark 4.4. Note that any representation p : F — i- GL2(F2) over 
the field F2 for a group F is not a representation with Borel mold. 
Indeed, if there exists a representation p with Borel mold, then p can 
be normalized into upper triangular matrices. However the nonsingular 
upper triangular matrices over F2 are 

( 1 ) ( 1 ) ' 

and hence p(F) is an abelian group. This is a contradiction. 




From Theorem 13.21 we have a unique F-invariant sub-line bundle Cr 
of C'Rfp2(r)s R-ep2(F)B. We call Cr the universal sub-line bundle on 
Rep2(F)B. Let us investigate the universal sub-line bundle £r- 

Proposition 4.5. Let F2 = (a,/?) be the free group of rank 2. The 
universal sub-line bundle C-p^ over 'Re\i2^ 2)3 is not trivial. 

Proof. We define the subvariety X of by X := {{zi, Z2, z^, Z4) G 
\ zl + z^ + zl + zl = 1}. The group Z/2Z = {±1} acts on and X 
by {zi, Z2, -23, Zi) h-). {-zi, -Z2, -Z3, -Z4). We define if : X ^ \ {0} 
by (2:1,^2,-23,-24) (-21 + "\/— T-22,-23 + yZ—lZi). We denote by the 
canonical projection \ {0} — )■ CP^. The morphisms cp and ijj induce 
the following diagram: 

X 4 C2\{0} 4 CP^ 

; _ i _ II 

x/{±i} 4 (c2\{o})/{±i} ^ cp^ 

We denote by / and / the compositions ip o (p and ° ^, respectively. 
Let us consider the exact sequence 



27 



over CP^ Taking the pull back by /, we have the following exact 
sequence 

(8) ^ TOcA-i) ^ TOcAi) ^ 0. 

We put C := 7*Ccpi(-l) and M := 7*Ccpi(l). Note that C ^ M~\ 
We easily see that ^p*0„i{-l)'^^ is trivial on (C^ \ {0})/{±l}, and 
hence we have = Ox/{±i} and = £. The varieties X and 
X/{±1} has the same homotopy types as and MP'^, respectively. 
We can regard the above diagram as follows up to homotopy: 

A 

TT i II 
MP3 ^ S^. 

Here the map vr is the canonical projection. The map / is the Hopf map. 
The first Chern class Ci{0£pi{—1)) is a generator of H^(S'^, Z) = Z and 
ci(£) ^ in H2(MP3, Z) = Z/2Z. Hence C is not trivial as a topological 
vector bundle. Therefore we see that £ ^ Ox/{±i}- 

Let us define a representation with Borel mold on X/{±1}. On the 
afiine variety X/{±1}, the exact sequence ([8]) splits, and hence we 
have = C®M = C®C. We put := r(X/{±l}, Ox/{±i}). 

Through the identification M2{R) = Endo^^^^^^j = End^^^^^^j 

{C © M), we define p : F2 -> GL2(i?) by 

p(a):=(j ;),M«:=(^ ) 

/ Hom(£,£) Rom{M,C) \ 
^ \ Hom(£,A^) Hom(>l,A^) J ' 

Note that Hom(£, £) = Hom(£, A^) = ■ ■ ■ = Ox/{±i}- We see that p 
is a representation with Borel mold and that £ is a unique F-invariant 
sub-line bundle. For the morphism g : X/{±1} — > Rep2(F2)B associ- 
ated to p, we have g* C-p2 = Ox/{±i}- This implies that Cy^ is not 
trivial. □ 



Corollary 4.6. On the representation variety of degree 2 with Borel 
mold Rep2(2)B for the free monoid of rank 2, the universal sub-line 
bundle £2 is not trivial. 

Proof. Let T2 = {a, (3) be the free monoid of rank 2. The inclusion 
T2 — )• F2 (a I— )• a, /3 H- )■ f3) induces the morphism : Rep2(F2)_B — ^ 
Rep2(2)5. We easily see that 0*^2 = £f2- By the previous proposition 
the universal sub-line bundle Cp^ is not trivial, neither is £2- D 
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We show that the universal sub-hne bundle £2 is a 2-torsion element 
of the Picard group. 

Proposition 4.7. For the universal sub-line bundle C2 on Rep2(2)B, 
we have >Cf^ = C'Rep2(2)B- 

Proof. We denote B2(T2)s by 62(2)^ for the free monoid T2. Let 
us consider the morphism 

V'a : 62(2)5 X GL2 ^ Rep2(2)B 
(p, P) ^ P-^pP. 

We can easily see that ■02 is a smooth morphism. (Furthermore, ■02 is 

a principal fiber bundle with fiber S2:=<(* GL2 .) We 



denote the universal nonsingular 2x2 matrix on GL2 by 



P q 
r s 



We also denote the universal representations in 62(2)^ and Rep2(2)B 

by 



- ^ d(7) ) 



and 

PRep(7) 



c'(7) rf'(7) 



for 7 G T2 = {a, f3), respectively. By putting u :— {a{a) — d{a))b{P) 
b{a){a{(5)-d[(5)), we have 



PB(a)pB(/3) - PB(/3)pB(a) 



u 




Since p-Q is a representation with Borel mold, u is an invertible global 
function on B2(2)b. Hence Ker(pB(tt)PB(/5) — Pb(/9)pb(q;)) is the uni- 
versal sub- line bundle on B2(2)b. Through the morphism -02 we have 

PRep(Q;)PRep(/5) " PRep(/3)pRep(Q;) 

I l) '(PB(a)pB(/3)-PB(/3)PB(a))(^ I 

_ 1 / rsu s'^u 
A \ — r^-u —rsu 

where A := ps - qr. Since Ker(pRep(a)pRep(/3) - PRep(/3)pRcp(«)) is 
equal to the universal sub-line bundle £2 ^ 0^^^^^2)g: *(— s^'u/A, rsu/ A) 
and ^{rsu/ A, —r'^u/ A) are global sections of £2- We define the prime 
divisors Di and D2 on Rep2(2)B by Di := ■02({'^ = 0}) and D2 :— 
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4'2{{s = 0}), respectively. Let us denote the (l,2)-entry and (2,1)- 
entry of pRep(a)PRep(/3)-PRcp(/3)PRep(a) by b' and c', respectively. Then 
Di = {c' = 0} and D2 = {b' = 0} set-theorically. From the two global 
sections above we see that £2 ~ -Di ~ -D2. Because ~ div(c') ~ 0, 
we conclude that = CRep2(2)s- □ 



Corollary 4.8. Let Cp^ be the universal sub-line bundle on Rep2(F2)B- 
Then /:g = ORcp,(F,)B- 

Proof. The statement follows from that the pull-back of £2 by the 
morphism Rep2(F2)B — ^ R'ep2(2)B is equal to Cp^- ^ 

From Corollary 14.81 we have the following: 

Corollary 4.9. Let T be a group generated by two elements. Let R be 
a commutative ring such that Pic(Spec(i?)) has no 2-torsion element. 
For each representation p : F — )■ GL2(-R) with Borel mold, we have 
some P e GL2(-R) such that 

^ ( ) 

for each 7 G F. 

Proof. Let us consider a closed immersion / : Rep2(F)B — )■ Rep2(F2)B 
induced by a surjective morphism F2 — )■ F. From Corollary 14. 8[ we see 
that /*£f2 = £r is a 2-torsion element of the Picard group. Hence the 
pull-back of Cr on R is trivial, which follows the claim. □ 

Let us discuss the free group of rank > 3 case. 

Proposition 4.10. For the free group F^ with m > 3, we have ^f" ^ 
Crcp2(f™)b for each integer n^O. 

Proof. There exists an afiine scheme X (over C) which satisfies 
the following condition: X has a sub-line bundle C C (9^^ such that 
£(g)n, ^ each integer n 7^ 0. Example 14.121 gives us such an 

affine scheme X. We denote O^^/C by M. Then we have Cf^ = 
C Q) M. and M. = C~^. Since C is generated by two global sections, 
Hom(A^,£) = C^^ is generated by some two global sections. Suppose 
that s, if: G Hom(A^, £) are global sections which generates Hom(A^, £). 
For F3 = (a, /3,7), we define a representation ps on X by 



P3(a) := 
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G Endc..((9f ) = ( ^°")(f^'f,\ ^'"A'V'fA ) ■ 
ux\ XI \^ Hom(£,A^) Hom(A^,A^) ) 

For the free group with m > 4, we define a representation on 
X by taking the composite of a surjection F^ -» F3 and the above ps. 
We can check that pm is a representation with Borel mold. For the 
morphism g : X ^ Rep2(Fm)_B associated to pm, we have g*C--p„^ = C 
This imphes that £p^ ^ C'Rep2(Fm)i3 for each integer n 7^ 0. □ 

Corollary 4.11. For the universal sub-line bundle C„i for the free 
monoid Tm with m > 3, we have ^ C^RepaMs for each integer 

Proof. We can prove the statement in the same way as Corollary 
M\ □ 

The following example has been used in the proof of the previous 
proposition. 

Example 4.12. Let us consider the affine variety X := {{zi, Z2, z^,) G 
I zf + Z2 + zl = 1}. The variety X has the same homotopy type 
as S"^. We define the morphism / : X — )■ CP"*^ by (2:1,^25-23) ^ (-^i + 
^y—lz2, z^). Then the morphism / can be regarded as a degree 2 map 
— )■ S"^ up to homotopy. We define the sub-line bundle £ on X by 
C ■= /*Ccpi(-l) C Of. Since ci(£) ^ G R\X,Z) = Z, the line 
bundle C is not a torsion in the Picard group Pic(X). 

Remark 4.13. From Propositions 14. 51 and 14. 71 we see that the 2-torsion 
part of the cohomology does not vanish: H^(Rep2(F2)_B 0^ C, Z)2 7^ 0. 
By Proposition 14. 101 we also see that the free part of H^(Rep2(Fm) b ®z 
C, Z) does not vanish for each m > 3. The topology of the represen- 
tation varieties and the character varieties with Borel mold has been 
investigated in [6], [7], and [8]. 

5. Appendix 

In this appendix, we prove several propositions on discriminants in 
the degree 2 case. These propositions have been used in the previous 
section. Discriminants are invariants which describe open subschemes 
of absolutely irreducible representations in the representation varieties. 
More precisely, see [9], [1], and [5]. 

Definition 5.1 ([5]). Let i? be a commutative ring. 

For A,Be M2{R) we define the discriminant A{A, B) by 

A{A,B) := tT{Af det{B) + tT{Bf det{A) + tT{ABf 

-tT{A)tr{B)tr{AB) - 4det(A) det{B). 
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From the definition we see that A{A, B) = A{B, A). 

Remark 5.2. The discriminant A{A, B) above is closely related to the 
discriminant in |?]. For A, B,C,D G M2{R) we define the discriminant 
of degree 2 in [1] by 



A{A,B,C,D) := det 



/ ai 02 CL3 0-4 \ 

bi 62 bs 64 

Ci C2 C3 C4 

y (ii (i2 (^3 ) 



where 



oi 02 
CI3 04 



5 



&3 



&2 
&4 



Cl C2 
C3 C4 



(^3 C?4 



Note that A(A, S, £)) e if and only if {A, B, C, D} is an /2-basis 
of M2(i?). For A,B e M^iR), we have A (A, B) = -A(J2, A, S, AB). 



We can easily obtain the following proposition. 
Proposition 5.3 (cf. [9]). For each A, B E GL2{R), we have 
A{A, B) = det{AB){tT{ABA-^B-^) - 2). 



The following proposition has been used in Proposition 14.11 

Proposition 5.4. Let A,B e M2{R). Assume that A{A,B) = 0. 
Then the R-subalgebra R[A, B] ofM2{R) generated by A and B is con- 
tained in the R-submodule R-I2 + R- A + R- B. 

Proof. First we show the claim that AB is expressed as a linear 
combination of {I2,A,B}. For proving this, we can assume that R is 
a local ring. Indeed, let us define the ideal J of i? by 

J := {a E R \ aAB is expressed as a linear combination of I2,A,B }. 

If the claim is true for the local ring case, then AB is expressed as 
a linear combination of I2,A,B in M2(-Rp) for each prime ideal p G 
Speci?. Hence J ^ p for each p G Speci?, which implies J = R. Since 
1 G J, the claim is true for an arbitrary ring R. 

Assume that i? is a local ring. Since A{A, B) = A{l2, A, B, AB) = 0, 
one of {I2, A, B, AB} is expressed as a linear combination of the other 
three elements by Remark 15.21 If the one is AB, then the claim is 
obvious. Suppose that A = C1I2 + C2B + c^AB. If C3 G R^ , then 
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AB = C3^(y4 — C1/2 — C2-B). If C3 ^ , then by multiplying i? from 
the right we have 

AB = ciB + C2B^ + csAB"^ 

= CiS + C2(tr(S)S - det(S)72) + C3A{tT{B)B - det{B)l2) 

= (ci + C2tT{B))B - C2 det{B)l2 - C3 det{B)A + C3tT{B)AB 

= -(C2 + C1C3) det(S)72 + (ci + C2tr(S) - C2C3 det{B))B 

+C3(tr(S) - C3det{B))AB. 

Hence (1 - C3(tr(S) - C3det{B)))AB is contained in R ■ I2 + R ■ B. 
Since 1 — C3(tr(i?) — C3dct(i?)) G R^ , AB can be expressed as a linear 
combination of I2 and i?. In the case that B = C1J2 + C2A + c^AB, 
we can also prove that AB ER-h + R- A + R- Bm the same way. 
If I2 — ciA + C2B + C3AB, then at least one of q is contained in R^ , 
and hence the claim can be easily checked. Thus AB is expressed as 
a linear combination of {/2, A, B}. Similarly we can prove that BA is 
expressed as a linear combination of {/2, A, B}. 

Next we show that any monomial of A and B is contained in the 
i?-submodule R-l2-\-R-A-\-R-B. Each monomial of length > 
2 contains one of AA^ AB, BA, and BB as a subsequence. By the 
Caylcy-Hamilton theorem and the above discussion, we can reduce 
AA, AB, BA, and BB to monomials of length one. Hence each mono- 
mial is contained m. R - 12-\- R- A-\- R - B hy induction. Thus we have 
completed the proof. □ 
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